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Abstract. This paper concerns about the possibility of identifying the active set in a noninterior
continuation method for solving the standard linear complementarity problem based on the algorithm
and theory presented by Burke and Xu (J. Optim. Theory Appl. 112 (2002) 53). It is shown that under
the assumptions of P-matrix and nondegeneracy, the algorithm requires at most O (p log (Bouro/7))
iterations to find the optimal active set, where Bg is the width of the neighborhood which depends
on the initial point, g > 0 is the initial smoothing parameter, p is a positive number which depends
on the problem and the initial point, and  is a small positive number which depends only on the
problem.
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1. Introduction

Let M € R™" be a given matrix and ¢ € R" be a given vector. The standard linear
complementarity problem, which is denoted by LCP(M, g), is to find a vector
(x, y) € R?" such that

Mx+qg—y=0,

{xTy=0,x20,y>0. (1.1)
Various well-known methods have been proposed to solve LCP(M, g), see the
book by Cottle, Pang and Stone [14] and the survey by Ferris and Kanzow [19].
Among them, smoothing (Newton) methods have received an increasing interest
in the literature for solving complementarity and variational inequality problems,
see e.g., [1-13,18,21-24,26-27,30-34,36-39], the survey [35] and the numerical
report [40] for the details

The main feature of smoothing methods is to construct a smooth approximation
to a nonsmooth equation reformulation of the concerned problem, and then use
the Newton method to solve the smoothing equation. These methods have global

convergence and locally superlinear/quadratic convergence under certain condi-
tions. However, a general smoothing method for solving (1.1) does not possess
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a finite convergence property since the smoothing equation is always nonlinear.
Usually, the convergence behavior of an algorithm is closely related to the correct
identification of the optimal active constraints. For example, in the field of interior
point methods, the identification technique, after finitely many iterations, allows us
to recover an exact solution easily from the approximate one which is provided by
an interior point method. Such an identification property improves the efficiency
of interior point methods and column generation techniques. For the related dis-
cussion, see, e.g. [15-17,25] and the references therein. In this sense, the study of
the identification property is an interesting topic in the field of smoothing methods.
This paper will focus on such an identification property and its complexity bounds
for a noninterior continuation method which is viewed as a special smoothing
method.

Complexity of the smoothing methods for finding an e-approximate solution to
problem (1.1) has been studied by Hotta et al. [24] and Burke and Xu [3]. In [24],
the authors obtain a complexity bound under the assumption of monotonicity. In
[3], the authors show the complexity bound under the assumption of P-matrix.

Motivated by the algorithm and theory of Burke and Xu [3], we first give a
minor modification of their algorithm in Section 2 of this paper. We then show in
Section 3 that, under the assumptions of P-matrix and nondegeneracy, the modified
algorithm can identify the optimal active set if the starting point is in a small and
narrow neighborhood of the central path. By using this result, we finally show
in Section 4 that the modified algorithm with arbitrary starting point finds the
optimal active set by at most O (p log (Bouo/t)) iterations, where Sy is the width
of the neighborhood which depends on the initial point, . is the initial smoothing
parameter, p is a positive number which depends on the problem and the initial
point, and 7 is a small positive number which depends only on the problem. Once
the optimal face is identified, the exact solution of problem (1.1) can be obtained
immediately by solving a linear system.

The following notation will be used throughout the paper. R’ and R’ de-
note the nonnegative and positive orthants of R”, respectively. || - || represents
2-norm, while other norms will be expressed with appropriate subscripts. In ad-
dition, vec{x;} = x. All vectors are column vectors. For simplicity, we sometimes
use (x, y) for the column vector (x”, y7)7. Matrix E represents the identity matrix
with suitable dimension. Given matrix W € R"*",and J, K C I :={1,2,--- ,n},
we denote by W, the |J| x |K| submatrix of W consisting of entries wj, j €
J, ke K.
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2. A modified algorithm

The algorithm proposed in this paper is based on the use of the Chen-Harker-
Kanzow-Smale (CHKS) smoothing function

u—+u?+4p?

2 b
where u > 0 is called the smoothing parameter. Chen and Harker [6] used this
function to construct the first noninterior continuation method for the LCP. Several

properties of this function have been observed by Burke and Xu [2], Hotta and
Yoshise [23], Kanzow [26], Qi and Sun [33-35], etc.

pu, p) =

LEMMA 2.1. Let p(u, n) bethe CHKSsmoothing function. Then p(u, ) istwice
continuoudly differentiable on R x R, . Moreover,

(i) O0<piu,p) <1, pi(—u,pu)=1-py(u,p), Vu e R, u > 0;
(i) 0 < py(u, w) <min{l,2u/|ul}, Yu € R, u > 0;

(i) 0 < pl(u, w) <min{l/lul,1/pu}, Yu € R, n > 0,i=12;

(iv) 0< p(u,p)— p(u,0) <2u?/lul, Yu e R, n > 0.

Let (-), denote the componentwise maximum, then the problem (1.1) is reformu-
lated as

| Mx+q—y | _
F(w) := [x_(x_y)J =0, (2.1)

where w = (x, y) € R?". This is a system of nonsmooth equations. By using the
CHKS smoothing function, we can construct a smooth approximation to (2.1):

Hw, 1) = {M;(TU?M_) y] —0, 2.2)

Where u = 01 Cb(w, /"L) = (d)(xl’ Y1, /"L)7 Ty d)(xn’ Yn, /"L))T’ and
o(r,s,u) =r —p(r—s,n), VY(@,s)e€ R?.

Itis easy to check that the Jacobian matrix of H with respect to w has the following
form:

M —F
VoH(w, p) = |:vxq)(w”u) V,®(w, w) } ’
where

Xi = i
Vi =y +au? |

. /7 1 .
Vi ®(w, p)=diag{l—py(xi—yi, W)}= 5 diag {1
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and

Xi — Vi
V(i — yi)? + 4p?

We now describe our algorithm in which we use a concept of neighborhood of
the central path that was introduced by Burke and Xu [1], i.e.,

NB, ) i={w=(x,y) € R | Mx +q =y, [|®w, 1)l < Bul,

where parameter 8 > 0 is called the width of the neighborhood. For a suitable
initial point (w° ue) € R¥ x R,,, we take By > ||®°|o0/1o Where &0 =
®(w, o). If By < B* (a small positive number, see Remark 1 below), then
let B = By and we directly use Burke-Xu’s algorithmic framework to produce
an iterative sequence {w*, ). If Bo > B*, then we apply the damped Newton
method to equation H (w, ug) = 0 to produce an iterative sequence {w®'} until
D%/ 1o < B* is satisfied, and let B be a positive number less than g*. The
details of the modified algorithm are stated as follows. For simplicity, at the kth
iteration we use H* = H(w*, u), ®* = &k, wp), Vo H* = V, HWwk, ),
HY = HwW, ug), ®% = dw®!, no), etc.
Algorithm: Given constant o € (0, 1/2].
Step 0. (Preliminary)
Take x° € R", ug > 0and y° = Mx°% + q. Let Bo > max{1, || ®°||o/ 1o}
S0.1. Letl := 0, x% := x0, 0! := 0,
S0.2. If || &% || /1o < B* (see Remark 1 below), then set x° :=
x0y0 =y and B := (1 —0)B* if | @%|lo /100 < (1 —0) B,
and B := ||®% ||« /1o Otherwise. Set k := 0, and go to Step 1.
$0.3. Set w*t = w0 4 65, Aw®!, where Aw®! = (Ax%,
Ay®!) satisfies the linear system

. 12 1 .
V,®(w, u) =diag{p;(x; — yi, W} = Edlag 1+

Vo H W, o) Aw = —H W', o), (2.3)
and 6y ; is the maximum in the set {1, 1/2, 1/4, - - - } such that

D™, o) loo < X — O )IIP W, to) oo (2.4)

S0.4. Let! :=1+ 1 and go to Step SO.2.
Step 1. If | ®*||,, = O then stop; otherwise go to the next step.
Step 2. (The Search Direction)
Compute the Newton direction Aw* = (Ax*, Ay*) by solving the linear
system

Vo H WX, w)Aw = —H*. (2.5)

Step 3. (The New lterative Point)
Set w**! = wk4-6, Aw*, where 6, is the maximum inthe set {1,1/2,1/4, - - -}
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such that

[® (W *, w)lleo < (L — 0O I W, 111) l|oo- (2.6)

Step 4. (Update for 1)

1
M1 = (1 - §ﬁ09k> M- (2.7)

Step 5. Set k := k + 1, and go to Step 1.

REMARKS

(1)

()
3)

In the algorithm, the choice of the starting point (w°, uo) is quite easy and
arbitrary. Steps S0.1-S0.4 are called preliminary iterations or Phase (I). They
are added to ensure that the width of the neighborhood is very small, i.e.,
w® € N (B, wo) and

* * * £
A-o)p"<p<p, B

where £ is the fundamental quantity associated with P-matrix (see Section 3
for details). We will see from the analysis below that g* can be replaced by
one of its lower bounds.

From Kanzow [26], the Newton equations (2.3) and (2.5) are both solvable
under the assumption that M is a Po-matrix.

By applying the same proof techniques used in Burke and Xu [1-3], we can
show that the backtracking line search procedure for evaluating 6, in Step 3
(@o.; in Step S0.3) is finitely terminating, and that r; is well-defined and
w*tt e N (B, pis1)-

The above remarks imply that the modified algorithm is implementable. If it pro-
duces an infinite sequence {w*, i}, we can derive the following global linear
convergence theorem, whose proof is similar to the one in Burke and [1] or Chen
and [8], and hence is omitted.

THEOREM 2.1. Supposethat M isaP-matrix and (x*, y*) isthe unique solution
to problem (1.1). Let {w*, i} be an infinite sequence generated by the modified
algorithm, then

(a) the sequence {u;} converges Q-linearly to zero;

(b) the sequence {(x*, y*)} converges R-linearly to the unique solution (x*, y*).
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3. ldentification of the optimal active set

For w € R?", we define the index sets

Aw) = {iel|x—y <0}
B(w) = {iel|x—y >0}
Cw) = f{iellx—y =0}

where [ is given at the end of Section 1. Obviously, when the solution (x*, y*) to
problem (1.1) is strictly complementary, A (w*)U B (w*) = I (or C(w*) = ¥), and
A(w™) is the optimal active set defined by {i € I | x} = 0}. In this section we are to
show that if a starting point w® € R?" is given in a small and narrow neighborhood
of the central path, then the optimal active set can be identified by an index set at
wk for each k. For this purpose, we make use of the following assumptions.

ASSUMPTION (A) M is a P-matrix.

ASSUMPTION (B) The solution (x*, y*) is nondegenerate or strictly comple-
mentary.

A matrix M € R™" is said to be a P-matrix if for any nonzero vector x € R”",
i € I x;(Mx); > 0. It is known that if M is a P-matrix, then problem (1.1) has
a unique solution, say (x*, y*). In [29], Mathias and Pang proved that, if M is a
P-matrix, then there is a constant « (M) := miny =1{max; x;(Mx);} > 0 such
that

max x;(Mx); > a(M)|x|%, VxeR", (3.1)

and
IMloo > a(M), a(M)a(M™) < 1. (3.2)

Furthermore, [28] gave a lower bound estimate for «(M).
Let &, (M) be the principal pivotal transform of M with respect to the index
sets J C I and J := I\J defined by
M} MM, ;
Pr(M) = |: JJ_ JJ J_J ]
MfJMJ} Mjj; — MjJMJJlMJi
Burke and Xu [3] introduced another fundamental quantity associated with a P-
matrix M

£ = min{a(P;(M)) | YJ C I}, (3.3)

which is a finite number and in the interval (0, «(M)). Furthermore, they gave
a lower bound estimate of such a quantity, see [39] and Theorem 5.3 in [3]. By
using the value £, they obtained the following important result in the analysis of
complexity.
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LEMMA 3.1. (3, Lemma 4.4). Suppose that Assumption (A) holds. Let f(w, n)
be a continuous function from R?* x R, to R". Then for any given w € R?" and
w > 0, the linear equation

1

is solvable, and the solution (4, d°) possesses the following bound:

1
1@, d*)lloo < (1 + z) I f (w, 1) lloo- (35)

We now consider the condition number of problem (1.1)
OLcp = miin Ix — 71, (3.6)

which is well-defined, finite and positive when Assumptions (A) and (B) are satis-
fied. It is the same as the first condition number defined by Illés, Peng et al. [25].
Thus by Lemma 3.2 in [3], there is a cheap way to get a lower bound for o cp if
the problem data (M, ¢) are integer.

: 1
LEMMA 3.2. If M and ¢ are integral, then o;cp > TG0

]_[’}:1 |M_;|l and M ; denotes the jth column of M. That is, o p can be bounded
by an expression which is formed by the input data.

where n (M) =

Consequently, we obtain a lemma that plays a key role in deriving the desired
result.

LEMMA 3.3. Suppose that Assumptions (A) and (B) hold. If a point w® € R?"
and a smoothing parameter 1o > 0 satisfy

L
Be @81 B 20+ 0 (3.79)
w® € N (B, o), (3.7b)
1
po < 5o - min |} =y, (3.7¢)
then A(w°) = A(w*) and B(w°) = B(w*).
Proof. For every u € (0, uol, consider the nonlinear system

H(w, 1) 0 =0 R (3.8)

W ol g [T SN '

Since M is a P-matrix, the system (3.8) for every u € (0, uo] has a unique solu-
tion, say w(u) = (x(w), y(n)). By the implicit function theorem, w(u) forms a
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continuously differentiable path on (0, o] With w(ue) = w°. Using an argument

similar to Theorem 2.1, this path can be extended continuously to © = 0 by

setting w(0) = w*. It is not difficult to verify by (3.8) that as w® e N (B, 1o),

w(w) € N(B, u) forall u e [0, uol. Also, we can prove that for each € (0, wo),
1 .

H < 505 : ml,m lx ()i — y(u;il. (3.9)

In fact, by the mean value and implicit function theorems we have for u = (1 —
oMo with A € (0, 1/0),

w(w) = w(po) + (1 — no)d = w’® — ohpuod,
where d = (d*, d?) is defined by

0
e - —=\\—1

with /:L = (/217 IELZa a/ln)T € an :EL] € (I’Lv MO) for eVery j! and w = 'LU(,EL) €

R?" (Note that in vectors x(u) and y(u), only one is independent since y(u) =
Mx () + g). Then

x(w) — y(u) = (x° = y°) — o hpo(d* — d°),
which implies that

min ) — y?| < min [x(); = y(wil + o hpolld* — d?|lso. (3.11)

By part (ii) of Lemma 2.1, we have

o1 D (w°, 1o)lloo
IV, (i, i) — — W, o)l < 14 H2 W MOl 9 gy
Ho Mo
(3.12)

Thus, from (3.7¢), (3.11), Lemma 3.1, (3.12) and (2.8) we know that

Mo < %0,3 min; [x) — y7|
< FoBIming [x(w); — y(wil + orpolld* — dluc]
< Lopimin, 1xGo; — yooil + oo 2EEL v, 0, 1)
— =P, o) 1]
< o [min; [x(oi — yGoil + o rnet L]
< Fopming |x(u); — y(w)il + 2o,
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This inequality, together with the facts © = (1 — oA)uo and o € (0, %], yield that
fora e (0, 1),

= (@ -oho < Lk Zop - min; [x(u); — y(u)i|

O'ﬂ min; |X(M)z — y(wil.

That is, (3.9) holds.

From (3.9) and (3.7¢) we know that for all i and all .« € (0, wol, x(w); —y(u); #
0. Hence continuity of w(w) on [0, ug] and Assumption (B) imply that for each i,
the sign of x(w); — y(w); is constant and the conclusion is proved. O

We observe that conditions (3.7a)—(3.7c) are independent of any algorithm.
They actually show that, for any point belonging to a narrow neighborhood ((3.7a)
and (3.7b)) and being not “too distant” from the solution ((3.7c)), one is able to
identify correctly the sets A (w*) and B (w*). In view of this lemma, we derive the
main result of this section.

THEOREM 3.1. (ldentification of the Optimal Active Set). Suppose that Assump-
tions (A) and (B) hold. If we choose the initial point w® € R?* and the initial
smoothing parameter 1o > 0 suchthat condition (3.7) issatisfied, and if {(w*, i)}
is a sequence produced by the modified algorithm, then for any index &, A(wf) =
A(w*) and B(wk) = B(w*).

Proof. We prove this theorem by induction. Assume for some index %,

L

Be©p], B = 20+ 0) (3.13a)
wk € N (B, o), (3.13b)
i < %oﬁ -min |xf — yfl, (3.13¢)

By Lemma 3.3, it suffices to prove that they also hold for & + 1.
It is easy to observe that w**! e W& (B, r41) by (3.13b) and Remark 3. From
xk-‘rl o yk+l — (xk . yk) +6k(A.xk _ Ayk),
we have forevery i € I,

IxE — yE < =y 6y - | AXF — AYF]|

K+ _ ?‘+1|+9kMII¢klloo (by Lemma 3.1)

1

< xf
<t =y g by |9 lee < B )

Hence,

k+1 k+1

mln |x — yl | < mln |x; | + O ik
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This together with (3.13c) imply that
e < o minixf — ]
< 30p [rq,in o+ — y{‘“@ + 300
Therefore,
1 1 T % | k+1
Mepr = |1— Eaﬁek Mk < Eaﬂ min le; ™ =y

This completes the proof. O

4. Complexity of finding the optimal active set

We know from Step O of the algorithm in Section 2 that, the choice of the starting
point is very arbitrary. Generally speaking, such a starting point does not always
satisfy condition (3.7). One problem is whether the modified algorithm is able to
produce an iterative point satisfying (3.7). If “Yes”, can the required number of
iterations be estimated? In this section, we shall answer these two questions. To
start, we recall a result about error bound by Mathias and Pang [29].

LEMMA 4.1. (29, Lemma 2). Let Assumption (A) hold and y = «(M), then for
anyx € R"andy = Mx +¢q,
I = x oo < S
4
By using this lemma, we derive an error bound at point w* by a linear function of
e and || || oo.
LEMMA 4.2. Under Assumption (A), we have, for any index k,

14 [ M|s)?
TR =35 — (2 = 9 oo < %(ndﬂ(nw + 1)

Proof. For any index k, from y* = Mx* 4 ¢, Lemma 4.1 and part (ii) of Lemma
2.1, we obtain

I = %) = % = y9) o
< QA+ Ml X = x*lloo

1+ [ M]o0)?
e R ON

1+ [ M]loo)?
< AWl (0t g + vectef — 351 = pOxk = ¥, 10} loo)

1+ [ M]s0)?
< Gk (ot + ).
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This completes the proof. O

From the above lemma and Assumption (B), we are able to obtain the following
key lemma in our analysis on the complexity issue.

LEMMA 4.3. Let Assumptions (A) and (B) hold. Then there is an integer K;
satisfying

1 .
MKy < iaﬂ rnl,ln |xiKl - yiKll’ (41)
whenever
o SL
m 4.2)

L{————0 .
316 (14 (MIlo)? "

Proof. By uy | 0, £ > 0and o.cp > 0, there is an integer K; such that (4.2)
is satisfied. From Lemma 4.2, ||®* |l < Buw, (4.2), B < B* <1, £ < y and
o € (0, 1], we obtain

2
lorks = &) — 7 = ) e < S ook )
2
< QUM g 1 gy,
< gGLCP,

from which it is implied that

orcp = min; [xF — y¥|
. K K
<min; [x =yt + ||1()CK1 — K1) — (¢ = y)lloo
- K K
< min; |xl- - Yi 1| + gGLCP-

This yields that
8 .
oLcp < 7 min |xiKl - le1|. (4.3)

Thus, from (4.2), (4.3), £ < ||M|l and o € (0, %], we know that

o L 8. . K1 K1
Uk, < 78— Min; |x; ' —y; |
fi =16 (1+||M||EO>Z7K .
= sopmin; |x;* —y
2P TTBA+ [M)?

< %oﬂ min; |xiK1 — le1|_

The proof is completed. O
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In view of (4.1) and wXt € N (B, uk,), the Kith iterative point wXt and the
smoothing parameter jx, satisfy condition (3.7). Hence, Theorem 3.1 implies that
AW = Aw*) and B(w*) = B(w*) for all k > K;, and hence the active set
at wX1 coincides with the optimal active set. Thus, one can get the exact solution

* __ * % H % _ % . B .
w* = (x ¥ ) with x* = (9, xﬁ(wkl)).and Y* = (Vi kiy 0 Where xz - and
Vi iy, Satisfy a system of linear equations

Mg ki) gk Xswkn = ~4awk), (4.4)

Vawkty = Mawk) swknyXgwky T dawk)-

In what follows, we give a complexity bound for generating the optimal face.
Based on the modified algorithm and the above analysis, we only need to estimate
the numbers of iterations for Phases (I) and (I1), respectively, where Phase (1) con-
sists of all preliminary iterations in order to meet the condition || ®% ||« /1o < B*,
while Phase (I1) consists of all iterations in which every index is smaller than K;.

We now show a complexity bound of Phase (I). Since the initial parameter 1
does not need to be updated in Phase (1), we can not directly use the complexity
result by Burke and Xu [3]. However, their technique of proof will be used in the
proof of the following lemma.

LEMMA 4.4. Suppose Assumption (A) holds. Then the number of iterations for
phase (1) is about

A+L))\ 9%
0 -log————}. 4.5
<ﬂ0< L ) % B*1vo ) “

Proof. We begin with proving that for every index [,

2
6o, > %9, 6 :=min{1, (1 —0)/(2B (&%) )} (4.6)

In fact, for index {, define w®!(0) = (x%/(9), y>/(8)) with
xO) =x Foax®, yO) =y +ony>, 6 €011
Based on the Taylor expansion and the Newton equation (2.3), we have
W (0), o) = x*(0) — vee(p(x}' (0) — 3 (0). o))
= x4+ 0Ax0) — [vec{p(xl.o’l — y?’l, Ho)} + 6
weel (! = v o) (Bx0 = £y} + 362
wvee{ply (57— 37, o) (Ax® — Ay©H2)]
= @ 4 0 [V, % AxX + V, @0 Ay0] — 20%vec
PLE = 57 o) (820 — Ay*H2)
= (1-0)9% — 202. vee{ply &M — 3 o)
(AxO! — AyOhzy,

4.7)
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where (x> — 5>') is between (x> — y>') and (x> (9) — y>'(6)) for all i. From
(iii) of Lemma 2.1 we obtain

1
-0, -0, 0, 0, s
lvec{p}y B> — 321, 1) (Ax)! — AyYH oo < e [ Ax% — AyPT)2.
0

(4.8)
By the Newton equation (2.3) and Lemma 3.1 we have
1
18x% = 8y* o <2 (1 + z) 1 (W™, 1) lo- (4.9)
So, it follows from (4.7)-(4.9) and || ®%! s < Bopo that

1+2£\2
1w (0), wo)lloo <[1—0+20 (7) 021 - |2% oo < (1—00) | 2% || 0o

whenever

14+ £\?
9<(1—a>/(2ﬁo( ; )>.

The updating rule for 6y ; implies (4.6). From (2.4) and (4.6) we obtain that for any
index [,

]__
1D WO, 1)l < (1 — 06 0% o < (1= LT ) @0
’ 48 (1+_£)2
0\7¢

To ensure that

o(l—o0)

o ()

[
) 0% < B* 10,
£L

1w, 1o lloo < (1 -

it suffices if we have

(1-o0) o(l—o) B* 1o
[-1 1—07 LI |——=) < .
09( 4ﬂ0 (1?;@)2) ( 4}30 (1256)2) Og “q>0,0||oo

Therefore, we know that (4.5) provides an upper bound for complexity of Phase

n. O

Similarly, we can give a complexity bound of Phase (II) in which we obtain rx,
satisfying (4.2) from .

LEMMA 4.5. Suppose that Assumptions (A) and (B) hold. Then the number K of
iterations for Phase (1) is bounded by

14 £)\°
) ((L) “log ol ) (4.10)
£ 15 T2 OLCP
16 (1+]1M | 00)?
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By adding (4.5) and (4.10) and noticing the facts that 8o > 1 and || ®°°|| o < Bouto,
we obtain an upper bound for the total number of iterations:

1+L£\°
0(&(%) S p— )
16 1+ M2 O LCP

which can be simplified as

0(,0-|09'80M0>, (4.11)
T
where
1+L£)\° o B* L
g ﬁ"( 0 ) R Ty VIS EA

From the definitions of £ and By, we know that p is a positive number which
depends on the problem and the starting point. From the definitions of £, 8*
and o cp, we know that t is a small positive number which depends only on the
problem.

THEOREM 4.1. (Complexity of Finding the Optimal Active Set) If Assumptions
(A) and (B) hold, then the modified noninterior continuation algorithm will gener-
ate the optimal active set by at most O (p - log Bouo/T) Newton iterations. More-
over, the unique solution w* of problem (1.1) can be obtained by solving the linear
system (4.4).

Compared with the existing identification results in the literature, Theorem 4.1
is better because it gives the required number of iterations to find the optimal
active set of problem (1.1). This identification property may allow us, like in the
literature of interior point methods, to reduce computational cost and hence to
improve the efficiency of noninterior continuation methods. Further research along
this direction would be useful.

From Lemma 3.2, we know that o ¢ p can be bounded below by an expression
of the input data if the problem data (M, g) are integer. Can a lower bound of
the value £ be obtained by a cheap way? This problem is worth studying. The
complexity bound (4.11) depends on the assumption of strict complementarity, and
it would be desirable if this assumption can be removed in theoretical analysis.
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